Abstract. We study the relationship between the Lyapunov exponents of the geodesic flow of a closed negatively curved manifold and the geometry of the manifold. We show that if the derivative action of the geodesic flow on the unstable bundle has equal extremal Lyapunov exponents with respect to every invariant measure supported on a periodic orbit then the manifold is homothetic to a real hyperbolic manifold. Under the assumption that the manifold is homotopy equivalent to the appropriate locally symmetric space, we characterize the negatively curved locally symmetric spaces by the values of their Lyapunov exponents on their invariant measures supported on periodic orbits. We also show how, for real and complex hyperbolic space, the assumptions on the Lyapunov exponents of periodic orbits can be replaced with assumptions on the Lyapunov exponents of a single invariant Gibbs measure. The proofs use new results from hyperbolic dynamics including the nonlinear invariance principle of Avila and Viana and the approximation of Lyapunov exponents of invariant measures by Lyapunov exponents associated to periodic orbits which was developed by Kalinin in his proof of the Livsic theorem for matrix cocycles.
Introduction
Our goal is to characterize negatively curved locally symmetric spaces by the behavior of their geodesic flow around periodic orbits. A central question in geometric rigidity theory is the following: Suppose that a negatively curved Riemannian manifold M shares some property P with a negatively curved locally symmetric space N . Is M isometric to N ? The most famous example of such a rigidity theorem is the Mostow rigidity theorem: if M and N are real hyperbolic manifolds with isomorphic fundamental groups, then M and N are isometric.
We can ask a different, more dynamical rigidity question: Suppose that the geodesic flow of a negatively curved Riemannian manifold M shares some property P with the geodesic flow of a negatively curved locally symmetric space N . Is there a C 1 time-preserving conjugacy between the geodesic flows of M and N ? A remarkable consequence of the minimal entropy rigidity theorem of Besson, Courtois, and Gallot [6] is that dynamical rigidity implies geometric rigidity, in the sense that if there is a C 1 time preserving conjugacy between the geodesic flows of M and N , then M and N are homothetic. Recall that two Riemannian manifolds (M, d) and (N, ρ) with distances d and ρ respectively are homothetic if there is a constant c > 0 such that (M, d) is isometric to (N, cρ). This implies that it is possible to characterize the geometry of a locally symmetric space N purely by the dynamics of its geodesic 1 flow. For some examples of the numerous rigidity problems to which this has been applied, see [5] , [4] , and [14] as well as the survey articles [7] , [33] .
Before proceeding further, we fix some notation. Throughout this paper M will denote an m-dimensional closed Riemannian manifold of negative curvature with universal cover M . We will always assume m ≥ 3. We write SM for the unit tangent bundle of M . The time-t map of the geodesic flow on SM will be denoted by g t . We endow SM with the Sasaki metric, giving SM the structure of a closed Riemannian manifold with norm · and distance d. We let θ be the canonical contact 1-form on SM preserved by g t . The letter C will be used freely as a multiplicative constant which is independent of whatever parameters are under consideration.
Since M is negatively curved, g t is an Anosov flow. There is a Dg t -invariant splitting T SM = E u ⊕ E c ⊕ E s with E c tangent to the vector field generating g t , and there exist 0 < ν < 1, C > 0 such that for v u ∈ E u , v s ∈ E s , and t > 0,
, and E c are called the unstable, stable, and center subbundles respectively. We write E cu := E u ⊕ E c and E cs := E c ⊕ E s for the center unstable and center stable subbundles respectively. Each of the distributions E u , E c , E s , E cu , E cs is uniquely integrable; we denote the corresponding foliations by W * , * = u, c, s, cu, cs, with W * (x) being the leaf containing x. We consider each leaf of these foliations to carry the induced Riemannian metric from the Sasaki metric on SM . We let W * r (x) be a ball of radius r centered at x in the leaf W * (x). For a g t -invariant subbundle E of T SM , we write Dg t |E for the restriction of Dg t to E.
Let K = R, C, H, or O be the division algebra of real numbers, complex numbers, quaternions, and octonions respectively. Associated to each of these are the complex, quaternionic, and Cayley hyperbolic spaces H k K of dimension k, 2k, 4k, and 8 respectively. These give the complete list of negatively curved symmetric spaces. We normalize the metrics of these spaces so that they have maximal curvature −1. Define r K := dim R K.
We say that Dg t |E u is uniformly quasiconformal if there is a constant C > 0 independent of the point p ∈ SM and t such that for any pair of unit vectors v, w ∈ E u p , Dg
For closed negatively curved Riemannian manifolds of dimension at least 3, combined work of Gromov, Kanai, Sullivan and Tukia shows that if the sectional curvatures K of M satisfy −4 < K ≤ −1 and the action of the geodesic flow on E u is uniformly quasiconformal, then M is homotopy equivalent to a real hyperbolic manifold N , and there is a C 1 time preserving conjugacy between the geodesic flows of M and N ( [13] , [25] , [34] , [36] ). When combined with the minimal entropy rigidity theorem of Besson, Courtois, and Gallot [6] , this implies that M is homothetic to N .
Our first theorem is an improvement of this result. For a periodic point p of g t , let ℓ(p) be the period of p. Let χ p , all of its eigenvalues have the same absolute value. We've also removed the curvature assumption on M .
Our next theorem partially generalizes Theorem 1.1 to characterize the closed locally symmetric spaces of variable negative curvature. is necessary only at the conclusion of the proof of the theorem where it is used to apply a theorem of Connell [10] to upgrade this homotopy equivalence to an isometry.
The hypothesis on the eigenvalues of Dg ℓ(p) p for periodic points p in Theorem 1.2 implies by a standard argument that the Liouville measure is the measure of maximal entropy for the geodesic flow g t and hence the Liouville measure and BowenMargulis measure of maximal entropy coincide. This argument is reviewed in the proof of Theorem 1.2 in Section 5. A conjecture due to Katok, Sullivan, and Kaimanovich states that if M is a closed manifold of negative curvature then the Liouville measure and Bowen-Margulis measure coincide if and only if M is locally symmetric (see [33] for this and related conjectures). Theorem 1.2 can be viewed as giving additional evidence for this conjecture; in the language of the hypotheses of the theorem, the Liouville measure and Bowen-Margulis measure coincide if and only if for every periodic point p,
where h > 0 is the topological entropy of g t . Hence Theorem 1.2 states that if we have additional information about the absolute values of the eigenvalues |χ (p) i | as well as their product, then we can deduce that M is locally symmetric.
We next state a more ergodic theoretic formulation of Theorem 1.1. Let E be a vector bundle over SM carrying a norm · and let π : E → SM be the projection map. A linear cocycle over g t is a map A : E × R → E satisfying for every t ∈ R,
is a linear isomorphism, and for any t, s ∈ R, A(A(v, s), t) = A(v, t + s) We adopt the notation A t for the map A(−, t). We will principally be concerned with the linear cocycles obtained by restricting Dg t to invariant subbundles E of SM . For a linear cocycle A t over g t and an ergodic g t -invariant measure µ, we define the extremal Lyapunov exponents of A t with respect to µ to be
A negatively curved Riemannian manifold M has relatively 1/4-pinched sectional curvatures if for each p ∈ M and each quadruple of tangent vectors X, Y, W, Z ∈ T p M such that X and Y are linearly independent and W and Z are linearly independent, we have K(X, Y ) > 4K(W, Z), where K(X, Y ) is the sectional curvature of the plane spanned by X and Y .
There is a rich family of ergodic invariant measures called Gibbs measures for the geodesic flow; these include the Liouville volume on SM , the Bowen-Margulis measure of maximal entropy for the geodesic flow, and the harmonic measure corresponding to the hitting probability of Brownian motion inside the universal cover M of M on the visual boundary ∂ M . Theorem 1.3. Let M be a closed negatively curved Riemannian manifold with relatively 1/4-pinched sectional curvature. Let µ be a Gibbs measure for g t . If
A result similar to Theorem 1.3 was claimed by Yue in [38] , however the proof appears to be incomplete. This is discussed in Remark 3.2 at the end of Section 3. This raises the following question, Question: Does Theorem 1.3 hold without the relative 1/4-pinching assumption on the curvature of M ?
For the statement of our final result, we consider T (SM ) to be endowed with the Sasaki metric obtained by considering SM as a Riemannian manifold. A subbundle of E of T (SM ) is β-Hölder continuous if it is locally spanned by vector fields V i : U → T (SM ), U an open subset of SM , which are Hölder continuous with exponent β. A cocycle A t : E → E over g t is β-Hölder if E is a β-Hölder vector bundle and A t is β-Hölder in the induced metric on E from T (SM ).
Definition 1.4.
A β-Hölder continuous cocycle A t is α-fiber bunched if α ≤ β and there is some T > 0 such that
Fiber bunching guarantees the existence of A t -equivariant identifications of the fibers of E along stable and unstable manifolds called holonomies. This is discussed further at the beginning of Section 2.
A dominated splitting for A is an A-invariant direct sum splitting E = E 1 ⊕ E 2 such that there is some norm · on E, some C > 0 and some 0 < λ < 1 satisfying for
For each periodic point p of g t , there is a unique g t -invariant probability measure µ p supported on the orbit of p which is given by the normalized pushforward of Lebesgue measure by the map t → g t (p) from R to SM . Theorem 1.5. Let M be an m-dimensional closed negatively curved Riemannian manifold. Suppose
(1) There is a dominated splitting E u = H u ⊕ V u for the unstable bundle of the geodesic flow of M with strongest expanded direction V u satisfying dim V u = 1. (2) There is some 0 < α < 1 such that H u and E u are α-Hölder continuous and Dg t |H u is α-fiber bunched.
for some Gibbs measure µ for g t and for every periodic point p, 2λ
Then m is even and M is homothetic to a compact quotient of H m/2 C .
Assumptions (1) and (2) are the natural analogues of the relative 1/4-pinching assumption in Theorem 1.3. For a closed complex hyperbolic manifold N equipped with the complex hyperbolic metric d C , it is not hard to show that there is an open neighborhood U of d C such that assumptions (1) and (2) hold for the geodesic flow of any metric in this neighborhood. This is because the geodesic flow of d C admits a dominated splitting as in assumption (1), dominated splittings are stable under C 1 perturbations, and one can explicitly compute that there is an α such that assumption (2) holds for metrics near d C .
Assumption (3) plays the same role as the extremal exponent assumption in Theorem 1.3. It would be interesting to remove Assumption (4), which restricts possible applications of Theorem 1.5. On the open neighborhood U of the complex hyperbolic metric above, H u will typically be no better than Hölder continuous along W u with exponent 1/2 − ε for some ε > 0.
The proofs of these theorems make use of two powerful tools recently developed in smooth dynamics. The first is the method of approximation of Lyapunov exponents of invariant measures over a system by Lyapunov exponents of periodic points developed by Kalinin in his recent solution of the Livsic problem for GL(n, R)-cocycles over hyperbolic systems [21] . We use this to transfer information about the periodic exponents of g t to exponents of any invariant measure for g t .
The second is a far-reaching nonlinear generalization of Furstenberg's theorem on nonvanishing Lyapunov exponents for random GL(n, R)-cocycles which characterizes when the Lyapunov exponents of a cocycle over a partially hyperbolic system vanish under suitable hypotheses. Inspired by an alternative proof by Ledrappier [27] of Furstenberg's theorem, Avila and Viana proved a nonlinear generalization [2] , and then later with Santamaria showed how this nonlinear generalization could be applied to cocycles over partially hyperbolic systems [1] . We apply a further distillation of this tool by Kalinin and Sadovskaya in [24] which is adapted to the study of cocycles which are close to being conformal. They have applied this to the study of linear cocycles with uniformly quasiconformal behavior and asymptotically conformal Anosov diffeomorphisms [23] , [22] .
In Section 2 we adapt the main results of Kalinin and Sadovskaya [24] regarding conformal structures for linear cocycles to our setting. We also review the concepts of fiber bunching and stable and unstable holonomies from partially hyperbolic dynamics. In Section 3 we prove Theorem 1.1 and Theorem 1. 3 . In Section 4 we analyze the case of a dominated splitting E u = H u ⊕V u and develop the dynamical tools needed for the proofs of the remaining results. In Section 5 we use these tools to prove Theorem 1.2. In Section 6 we prove Theorem 1.5.
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Background on Linear Cocyles over Anosov Flows
2.1. Holonomies for linear cocycles. These identifications are essential for what follows. We define here unstable holonomies. Stable holonomies are defined similarly. Stable holonomies could also be defined as the unstable holonomies of the inverse cocycle A −t over g −t . The definition below is from [24] , adapted to the setting of flows. The next proposition gives a sufficient condition for the existence of holonomies. For a β-Hölder vector bundle E, it is always possible to find a β-Hölder continuous system of linear identifications I xy : E x → E y with I xx = Id Ex and d(x, y) ≤ r for some constant r > 0 [24] .
Proposition 2.2. Suppose that A is β-Hölder and fiber bunched. Then there is an unstable holonomy h u for A which satisfies
, and some C > 0. Furthermore, the unstable holonomy satisfying (1) for some C > 0 is unique.
The proof of Proposition 2.2 for fiber bunched cocycles over partially hyperbolic maps is given in [24] ; an identical proof works for fiber bunched cocycles over Anosov flows instead.
Let r > 0 be small enough that for every x ∈ SM , all of the foliations W * r are trivial on the ball of radius r. Given an unstable holonomy h u for a linear cocycle A over g t , we can locally extend it to a center unstable holonomy h cu by defining
where τ = τ (x, y) is the unique real number such that g −τ y ∈ W u r (x). It is easily checked using the properties in Definition 2.1 that h cu satisfies properties analogous to those of h u on a ball of radius r. In particular, for y ∈ W 
It is not immediately clear from the formula that the center unstable holonomies extend to be globally defined on a center unstable leaf W cu (x); to prove this we use some of the special structure of the geodesic flow. Since m ≥ 3, the universal cover of SM is the unit tangent tangent bundle S M of the universal cover M of M , and π 1 (SM ) is canonically isomorphic to π 1 (M ) by the projection SM → M . The foliations W * lift to foliations W * of S M which have global product structure: for each x, y, z ∈ S M , the leaves W c (x), W u (y), W s (z) intersect in exactly one point.
Let E be the lift of the vector bundle E to a vector bundle over S M . For two points x ∈ S M , y ∈ W cu (x), the center unstable holonomy map h cu xy : E x → E y is defined by the formula h
where τ = τ (x, y) is the unique time τ ∈ R such that g −τ y ∈ W u (x). It's easy to check that this locally agrees with the previously defined center unstable holonomy, and gives a global extension of h cu satisfying the analogous properties in Definition 2.1.
Let ∂ M be the visual boundary of M . This global product structure corresponds to the Hopf parametrization,
given as follows: Fix a basepoint x ∈ M . Let v ∈ S M . v is tangent to a geodesic γ v which has endpoints v + , v − ∈ ∂ M , where v + corresponds to the forward endpoint of γ v , and v − the backward endpoint. Let x v be the orthogonal projection of x onto γ v , and let s be the distance from x v to P (v), where P : S M → M is projection. Then the identification is given by v → (s, v + , v − ). In this identification, the action of the geodesic flow is given by translation in the R-coordinate. This parametrization of S M will be important in Sections 3 and 4.
2.2. Continuous Amenable Reduction. We now adapt the main results of [24] to our setting. Let E be a d-dimensional Hölder continuous vector bundle over SM . We let µ be a fully supported ergodic g t -invariant measure with local product structure. This means that each point x ∈ SM has a neighborhood U on which the measure µ decomposes as a product
All Gibbs measures for g t satisfy these properties, see for instance Chapter 20 of [26] . We will usually use the Liouville volume when we need to choose a specific Gibbs measure.
Two Riemannian metrics τ and σ on E are conformally equivalent if there is a function a : SM → R such that τ p = a(p)σ p . A conformal structure on E is a conformal equivalence class of Riemannian metrics on E. A t transforms a conformal structure by pulling back the associated Riemannian metric. A conformal structure represented by a Riemannian metric τ is invariant under A if for each t ∈ R there is a map
In this case we say that ψ t is the multiplicative cocycle associated to the invariant conformal structure τ . ψ t satisfies the cocycle property
for any t, s ∈ R.
Two multiplicative cocycles ψ t and ϕ t are cohomologous if there is a map ζ : SM → R such that ψ
If a cocycle A over SM admits stable and unstable holonomies, we say that a subbundle V ⊂ E is holonomy invariant if for y ∈ W * (x) we have h * xy (V x ) = V y for * = u or s. Similarly we say that a conformal structure is holonomy invariant if it is invariant under pulling back by stable and unstable holonomies. Lemma 2.3. Let A be a fiber bunched cocycle over g t . Suppose that
Then any measurable A-invariant subbundle V ⊆ E coincides µ-a.e. with a Ainvariant holonomy invariant continuous subbundle. Under the same hypotheses, any A-invariant measurable conformal structure τ on E coincides µ-a.e. with a A-invariant holonomy invariant continuous conformal structure.
Proof. The cocycle generated by A 1 is a fiber bunched cocycle over the partially hyperbolic diffeomorphism g 1 . Since g t is a contact Anosov flow, g 1 is accessible. In the first case V is a measurable invariant subbundle for A 1 ; in the second case, τ is an invariant measurable conformal structure for A 1 . Theorem 3.3 and Theorem 3.1 respectively from [24] then apply to give the desired result.
Lemma 2.4. Let A be a fiber bunched cocycle over g t . Suppose that
Then there is a finite cover M of M and a flag
of continuous holonomy-invariant subbundles E i which are invariant under the action of the lifted cocycle A on the lifted bundle E over M. Furthermore the induced action of the cocycle A i on E i /E i−1 preserves a continuous holonomy invariant conformal structure.
Proof. The vector bundle E admits a measurable trivialization on a set of full µ-measure by Proposition 2.12 in [3] .Since µ is fully supported on SM , this implies that there is a measurable map P : E → SM × R d commuting with the projections onto SM and which is linear on the fibers. B = P AP −1 is a measurable linear cocycle over g t on the trivial vector bundle SM × R d . We can apply Zimmer's amenable reduction theorem [39] for R-cocycles to conclude that there is a measur-
The maximal amenable subgroups of GL(d, R) are classified in [28] . Any such group G contains a finite index subgroup K which is conjugate to a subgroup of a group of the form
. Thus, by conjugating the cocycle F if necessary, we may assume that F takes values in a group G which contains a finite index subgroup K that is contained in one of the groups
. . , ℓ be the at most ℓ distinct images of the subspace V i under the action of G.
The proof of Theorem 3.4 in [24] shows that if the union of measurable subbundles U i is invariant under a fiber bunched cocycle with equal extremal exponents over an accessible partially hyperbolic system (which we can take to be the time 1 map A 1 of the cocycle A over g 1 ), then there is a finite cover M of M such that the individual subbundles E i,j x lift to subbundles E i,j of the lifted bundle E over M which agree µ-a.e. with continuous subbundles which we will also denote E i,j . By construction the lifts U i are invariant µ-a.e. under the action of the lift A of the cocycle A. This is because we constructed these unions of subbundles using amenable reduction over the R action given by A, and under our measurable trivialization A takes values in the group G. Since A is continuous and the lifts U i are continuous after modification on a µ-null set, we conclude that each U i is everywhere invariant under A.
For each i ∈ {1, . . . , k}, x ∈ M, t ∈ R, and j ∈ {1, . . . , ℓ}, there is thus an integer
For a fixed i and j, S i (x, t, j) depends continuously on x and t since both A t and all of the subbundles E i,j are continuous. Since for a fixed i and j we have that S i (x, t, j) is continuous, integer valued, and has connected domain M × R, we conclude that S i (x, t, j) := S i (j) is constant in x and t. Furthermore, since S i (x, 0, j) = j, we conclude that S i (j) = j. Hence all of the subbundles E i,j are invariant under A as well. In particular A preserves the flag E 1 ⊂ · · · ⊂ E k which arises as the continuous extension of the lift of the flag coming from the standard flag
To prove the second claim, note that for any r ≥ 1, the induced action of the co-
dr preserves the standard Euclidean conformal structure on R dr . This immediately implies that A preserves a measurable conformal structure on the corresponding quotient bundle E j /E j−1 . By Lemma 2.3, this measurable conformal structure coincides µ-a.e. with a holonomy invariant continuous conformal structure.
Lemma 2.5. Suppose that there is a finite cover M of M such that the lifted cocycle A on the lifted bundle E preserves a continuous holonomy-invariant conformal structure. Then A also preserves a continuous holonomy-invariant conformal structure.
Proof. Let C x be the space of conformal structures on the vector space E x . C x can be identified with the Riemannian symmetric space SL(d, R)/SO(d, R) and in fact carries a canonical Riemannian metric of nonpositive curvature for which the induced map C x → C g t x over the cocycle A is an isometry [24] . In particular, for compact subsets K ⊂ C x there is a natural barycenter map K → bar(K) mapping K to its center of mass.
Let τ be the continuous holonomy-invariant conformal structure preserved by A. Let H be the group of covering transformations for M over M , which also acts as the group of covering transformations for E over E.
The collection of compact subsets K x depends continuously on x, is holonomyinvariant, and is invariant under A. Hence all of the same is true of the family of barycenters σ x := bar(K x ). We thus get a conformal structure σ that is continuous, holonomy-invariant, invariant under A, and also invariant under the action of the deck group H. σ then descends to the desired conformal structure on E.
In subsequent sections we will use Lemmas 2.4 and 2.5 together to construct invariant conformal structures for our cocycles of interest. We will first use Lemma 2.4 to construct an invariant flag on a finite cover, then we will show this flag must be trivial, then lastly we will use Lemma 2.5 to push the invariant conformal structure back down to our original bundle.
Remark 2.6. Lemmas 2.3 and 2.4 are true under the more general assumption that g t is a contact Anosov flow, as this implies that the time 1 map g 1 for the flow is accessible. It would be interesting to prove these lemmas only under the assumption that g t is an Anosov flow, i.e., without using the accessibility of the time 1 map.
2.3. Lyapunov exponents and periodic approximation. For a cocycle A : E × R → E over g t and an ergodic g t -invariant measure µ, the multiplicative ergodic theorem [3] implies that there is a g t -invariant subset Λ ⊂ SM with µ(Λ) = 1 such that over Λ there is a measurable g t -invariant splitting
The numbers λ i are the Lyapunov exponents of A. The extremal Lyapunov exponents λ + and λ − of A with respect to µ correspond to the top and bottom exponents λ k and λ 1 respectively.
For each periodic point p, we let µ p denote the unique g t -invariant probability measure supported on the orbit of p, which may be obtained as the normalized pushforward of Lebesgue measure on R by the map t → g t (p). The following theorem of Kalinin enables us to approximate the Lyapunov exponents of any g t -invariant measure by the Lyapunov exponents of measures concentrated on a periodic orbit. This theorem is the essential new tool needed for the proof of the Livsic theorem in the case of matrix cocycles. The fact that g t satisfies the closing property necessary in the hypothesis of the theorem as stated in [21] is the well known Anosov closing lemma for flows which can be found in Chapter 18 of [26] . The statement of Theorem 2.7 in [21] assumes that the vector bundle E over SM is trivial, but as remarked by Kalinin in the paper, this hypothesis is easily removed since the proof of the theorem only uses local comparisons between fibers. When we say that the Lyapunov exponents are counted with multiplicity, we mean that each exponent appears a number of times equal to the dimension dim E i of its corresponding measurable invariant subbundle.
Theorem 2.7. ([21]
) Let E be a d-dimensional Hölder continuous vector bundle over SM , and A a cocycle on E over g t . Let µ be an ergodic g t -invariant measure, and let λ 1 ≤ λ 2 ≤ · · · ≤ λ d be the Lyapunov exponents of A with respect to µ, counted with multiplicity. Then for every ε > 0, there is a periodic point p of g t such that the Lyapunov exponents λ
For a periodic point p there is a simple relationship between the Lyapunov exponents λ (p) i associated to µ p and the complex eigenvalues χ p . An easy linear algebra exercise shows that the primary decomposition is subordinate to the Oseledec decomposition, i.e., for each 1 ≤ i ≤ k, 3. Proof of Theorems 1.1 and 1.3
We are now ready to prove Theorem 1.1 and Theorem 1.
For an in-depth discussion of the relationship between α-bunching and the regularity of the Anosov splitting T (SM ) = E u ⊕ E c ⊕ E s , see [18] .
Lemma 3.1. Let g t be the geodesic flow on the unit tangent bundle of a closed negatively curved manifold. Suppose that g t is 1-bunched and that there is a Gibbs measure µ such that λ + (Dg
Proof. Let V ⊂ E u be a k-dimensional measurable invariant subbundle. Since g t is 1-bunched the Anosov splitting of g t is C 1 [18] and thus E u is a C 1 -subbundle of T (SM ). 1-bunching of g t also implies that the cocycle Dg t |E u is fiber bunched. By Theorem 2.3, V thus coincides µ-a.e. with a continuous holonomy invariant subbundle which we will still denote by V .
We now describe an alternative realization of the holonomies for Dg t |E u . Recall that θ denotes the the invariant contact form for g t . Since the Anosov splitting of g t is C 1 , and g t preserves θ, there is a unique g t -invariant connection ∇ on SM such that the torsion of ∇ is given by θ ⊗ġ, whereġ is the vector field generating g t on SM . This connection is called the Kanai connection and was constructed for contact Anosov flows with C 1 Anosov splitting in [25] .
In Lemma 1.1 of [25] , it is shown that the unstable foliation W u is totally geodesic for ∇, and that ∇ is C 1 when restricted to the leaves of the unstable foliation, and further that ∇ is flat when restricted to W u leaves. The parallel transport induced by ∇ on unstable leaves is thus a C 1 unstable holonomy for g t . From the uniqueness clause of Proposition 2.2, parallel transport by ∇ coincides with the unstable holonomy constructed in Proposition 2.2, and thus V is parallel with respect to ∇ along unstable leaves.
For a given unstable leaf W u (p) we can then find parallel vector fields X 1 , . . . , X k spanning the restriction of V to W u (p). These vector fields are
is torsion-free since η vanishes on W u . For C 1 vector fields, there is still a well-defined Lie bracket, and the Frobenius theorem characterizing integrability of a distribution remains true [32] . Since
we then conclude via the C 1 Frobenius theorem that V is a uniquely integrable subbundle of T W u . Hence there is a C 2 foliation V of SM which is tangent to V , such that each of the leaves V(p) is contained within the corresponding unstable leaf W u (p).
Then V lifts to a foliation V of S M which is invariant under the lifted action of g t and the action of π 1 (M ). We adopt the notation of the Hopf parametrization described in Section 2. For each x ∈ S M there is a homeomorphism π x : W u (x) → ∂ M \{x − } given by projection, where x − is the negative endpoint of the geodesic through x on ∂ M . Then for a pair of points x, y ∈ S M , we consider the homeomorphism
• π x is easily described in terms of the global product structure of S M : for a point z ∈ W u (x)\{π −1
is the unique intersection point of W cs (z) and W u (y).
Since the Anosov splitting of g t is C 1 , the map π −1 y • π x is C 1 and the derivative is given by parallel transport with respect to the Kanai connection ∇, which coincides with the global center stable holonomy map h cs for Dg t |E u by the uniqueness statement in Proposition 2.2. Since V is invariant under the action of g t and stable holonomy, V is invariant under center stable holonomy and therefore D(π
The homeomorphisms {π x : x ∈ S M } form a system of charts for ∂ M which give ∂ M the structure of a C 1 manifold. The equivariance property of the foliation V with respect to these charts implies that V descends to a C 1 foliation F of ∂ M . Furthermore, since V is equivariant under the action of π 1 (M ) (as it was lifted from a foliation V on SM ), the foliation F is invariant under the action of π 1 (M ) on ∂ M . But every π 1 (M )-invariant continuous foliation of ∂ M must be trivial, i.e., either for every ξ ∈ ∂ M we have F (ξ) = {ξ} or for every ξ ∈ ∂ M we have F (ξ) = ∂ M . This is proved in Section 4 of [15] ; see also [12] . This implies that V = {0} or V = E u , which completes the proof.
Proof of Theorem 1.1. Since g t is a contact Anosov flow preserving the contact form θ with ker θ = E u ⊕ E s and dθ| ker θ being nondegenerate, the hypotheses of Theorem 1.1 imply that for any periodic point p, the eigenvalues of Dg
p are all equal in absolute value, and their common absolute value is the reciprocal of the absolute value of the eigenvalues of Dg
As a consequence, for any periodic point p, g t is α-bunched along the orbit of p for any α < 2. The main result of Hasselblatt in [17] then implies that g t is 1-bunched, so that the Anosov splitting of g t is C 1 .
Theorem 2.7 implies that for every ergodic
In particular, this holds when µ is the Liouville measure on SM , which as remarked earlier, is a Gibbs measure for g t . As remarked in Lemma 3.1, Dg t |E u is fiber bunched and so we can apply Lemma 2.4: there is a finite cover S M of SM for which the conclusions of Lemma 2.4 are satisfied. Since any lift of g t to a finite cover of SM is itself the geodesic flow of a closed negatively curved manifold M, we see that by Lemma 3.1, the invariant flag constructed in Lemma 2.4 must be trivial, and thus by Lemma 2.5 there must be a continuous holonomy invariant conformal structure on E u preserved by Dg t . By Theorem 1 of [25] , if Dg t |E u preserves a continuous conformal structure then M is homotopy equivalent to a real hyperbolic manifold N and there is a C 1 time-preserving conjugacy of the geodesic flow of M to the geodesic flow of N . The minimal entropy rigidity theorem from [6] then implies that M is homothetic to N .
Proof of Theorem 1.3. Hasselblatt [18] proved that if the sectional curvatures of M are relatively 1/4-pinched, then g t is 1-bunched and so the Anosov splitting of g
for the Gibbs measure µ together with Lemma 3.1 then implies that Dg t preserves a conformal structure on E u . The proof then concludes in the same manner as the proof of Theorem 1.1 above.
Remark 3.2. In this remark we explain the gap in [38] mentioned in the introduction. First we recall the setting of the paper. The claim is that if M is a closed m-dimensional negatively curved manifold and Dg t |E u is measurably irreducible in the sense that there are no Dg t -invariant measurable subbundles of E u , then Dg t |E u preserves a continuous conformal structure and therefore M is homothetic to a real hyperbolic manifold by the same proof as given in Theorem 1.1. In the first part of the remark we explain some flaws in the definition of boundedness for a conformal structure that is given in [38] , and in the second part we explain how, even after correcting these flaws in the definition, the proof still appears to have a gap in proving boundedness at a critical step.
As mentioned in Section 2.2, the conformal structures on E u can be topologized as a fiber bundle C over SM . Each fiber C x may be identified with the nonpositively curved symmetric space S(n) := SL(n, R)/SO(n, R), where n = dim E u = m − 1. If we take this identification to be induced by a linear trivialization E u x → R n , then it is unique up to an isometry of S(n) and therefore C x carries a canonical metric ρ x of nonpositive curvature. The bundle C over SM has no distinguished section SM → C and therefore in order to say that a conformal structure τ is "bounded" we thus have to compare it to a specific conformal structure τ 0 : SM → C which we have chosen beforehand. This is handled properly in [23] , in which a conformal structure τ is defined to be bounded if there is a continuous conformal structure τ 0 : SM → C and a constant C > 0 such that
In [38] , a measurable trivialization E u → SM ×R n is fixed and a conformal structure on E u is then defined to be a measurable map τ : SM → S(n). A measurable conformal structure is defined to be "bounded" if there is a constant C > 0 such that ρ(τ (x), I) < C, where ρ is the nonpositively curved metric on S(n) and I is the image of the identity matrix in S(n). In the definition of boundedness in [23] , this corresponds to taking τ 0 to be the section defined by pulling back the standard Euclidean metric on R n via the measurable trivialization E u → SM → R n . This is problematic because on page 747 of [38] it is claimed that boundedness of the invariant conformal structure implies that Dg t |E u is uniformly quasiconformal with respect to the continuous conformal structure on E u defined by restricting the Riemannian metric on T (SM ) to E u . But τ being a bounded distance from the measurable section τ 0 ≡ I does not imply it is a bounded distance from any continuous conformal structure.
Even after repairing this issue with the definition of boundedness, there is still an apparent gap in the argument which occurs on page 747 of [38] . s with z ∈ W s (x) instead. A measurable conformal structure σ u has also been constructed on the unstable bundle E u which is µ-a.e. parallel with respect to D s and D u in the following sense: for µ-a.e. pair x, y ∈ SM with y ∈ W u (x), there is a constant
xy (w)) An analogous statement is true for parallel transport of σ u with respect to P u xy . It is claimed that this data implies that σ u is "locally essentially bounded" which as we've seen must be interpreted to mean that for each p ∈ SM , there is a neighborhood U of p, a constant C > 0, and a continuous section
The invariance of σ u under D u and D s together with the fact that P u and P s induce isometries between the fibers of C gives, for
This does not allow us to compare ρ x (σ u (x), τ 0 (x)) to ρ y (σ u (y), τ 0 (y)) unless we also have uniform bounds on ρ y (τ 0 (y), (P u yx ) * τ 0 (x)). But the parallel transport maps P u xy and P s xz depend only measurably on x, y, z and so, for instance, ρ y (τ 0 (y), (P u yx ) * τ 0 (x)) could grow arbitrarily large as x, y vary through the neighborhood U of p. In particular, there is no reason for P u and P s to behave nicely with respect to some continuous conformal structure on E u over U . This point is not addressed in [38] and the proof appears incomplete as a result.
Horizontal Subbundles
In this section we assume the existence of a dominated splitting [19] .
For each p ∈ SM , we define an equivalence relation ∼ on points x, y ∈ W u (p) by 
Proposition 4.2. For each p ∈ SM , there is a smooth embedding ι p :
Proof. Let f = g 1 and consider this as a partially hyperbolic map as in Proposition 4.1. The theory of partially hyperbolic diffeomorphisms then tells us that there is some r > 0 such that on any ball of radius r in SM , the foliation tangent to E u f is trivial [19] . Furthermore, since there is a foliation tangent to E 
By shrinking r if necessary, we can assume that g −t is a contracting map on D n,r for each n in the induced Riemannian metric on W u , which implies that g tn−ts (D n,r ) ⊂ D s,r for s > n. For each n, choose a compact transversal submanifold K n ⊂ D n,r to the W vu foliation which contains g −tn (p) and is tangent to H u g −tn (p) at g −tn (p). K n meets each leaf of the induced foliation of D n,r by W vu in exactly one point.
Consider the collection of k-dimensional submanifolds g tn (K n ) of W u (p). We make three claims. First we claim that if a W vu leaf intersects g tn (K n ), then it intersects g ts (K s ) for any s > n. Second, we claim that each W vu leaf meets each submanifold g tn (K n ) in at most one point. Lastly, we claim that for each W vu leaf in W u (p), there is an n ∈ N such that g tn (K n ) intersects this leaf. 
For the last claim, recall that W u (p) is defined as the set of points in SM asymptotic to the orbit of p under g −t . Since g −tn (p) → p, it follows that for any q ∈ W u (p), there is some n > 0 such that g −tn (q) ∈ D n,r ; the last claim follows.
Having proven those three claims, we now construct the desired embedding inductively. Set
and use the smoothess of the W vu foliation of W u to map g tn (K n ) smoothly onto a submanifold of W u (p) which contains q ∈ U n−1 for each q such that W vu (q) ∩ g tn (K n ) is nonempty. By the first claim U n ⊂ U s for s ≥ n. By the second and third claim, the submanifold U := ∞ n=1 U n meets each W vu leaf in exactly one point. Properness of the embedding follows from the fact that the W vu foliation is locally trivial and that U meets each W vu leaf in only one point.
Next we build a C 1 g t -invariant connection ∇ on the tangent bundle T Q u to Q u which will correspond to a g t -invariant connection on the bundle E u /V u over SM . ∇ will play the same role in the proof of Lemma 4.5 below as the Kanai connection in the proof of Lemma 3.1. 
is smooth and hence induces a derivative map
is an isomorphism. For w, z ∈ Q u (p) which are the image of x and y ∈ W u (p) respectively, we define P wz :
x . We claim that P wz does not depend on the preimages x and y of w and z which were chosen. Suppose that x ′ and y ′ are two other points projecting to w and z respectively. Then
where we have used the observation that the derivatives of the transition maps for Π are given by the unstable holonomyh u , and also the properties of the unstable holonomyh u itself.
It's straightforward to check that P wz is equivariant with respect to the induced derivative action Dg t : T Q u (p) → T Q u (g t (p)), using the equivariance property ofh u . P wz is also C 1 in the variables w and z and has the property that for x, y, z ∈ Q u (p), P yz • P xy = P xz . This implies that for each X ∈ T Q u (p),
is a C 1 submanifold of T Q u which is transverse to the tangent spaces T Q u x . The tangent spaces to the foliation of T Q u by these subfoliations define an Ehresmann connection on Q u (p) which we can then use to define a connection ∇ on Q u (p). The parallel transport of a vector by ∇ is given by the linear maps P wz . Thus ∇ is a C 1 flat affine connection on Q u (p). Since the maps P wz are equivariant with respect to Dg t , ∇ is also g t invariant. The definition of P immediately implies the equation stated in the lemma.
It only remains to show that ∇ is torsion-free. Let T be the torsion tensor of ∇. T is a mixed tensor of type (2, 1) on T Q u which is invariant under g t . But the fact that Dg t |H u is fiber bunched implies that Dg t acts by exponential contraction on tensors of type (2, 1) on T Q u . This forces T ≡ 0 so that ∇ is torsion-free.
The following lemma is fundamental to everything that follows in this paper. Recall that in the proof of Theorem 3.1, one of the critical steps was to establish that the stable holonomy of the cocycle Dg t |E u could be represented as the derivative of the holonomy map between unstable leaves induced by the center stable foliation. Lemma 4.4 establishes the analogous property in our situation.
Let r > 0 be small enough that all of the foliations W * under consideration are trivial on a ball of radius r. Given two points x, y ∈ SM with y ∈ W 
Proof. Let x, y be two points in SM such that x ∈ W cs r (y). Set x n = g n x and y n = g n y. For each n ≥ 0, choose a hypersurface S n of uniform size and biLipschitz to an open subset of R 2m with Lipschitz constants independent of n that is transverse to the direction of the flow E c , and contains W u r (x n ) and W u r (y n ). Let f n : S n−1 → S n be the smooth map defined by f n (r) = g t(r) (r), where t(r) is the unique time, smoothly depending on r, with t(x n−1 ) = 1 and such that g t(r) ∈ S n . f n is defined on a neighborhood of x n−1 of uniform size, independent of n. Further, f n is uniformly hyperbolic on the interior of this neighborhood with the same contraction and expansion estimates (up to multiplicative constants) as g 1 on the stable and unstable bundles E u and E s . Set
Note that F n is defined on increasingly small neighborhoods of x as n → ∞; the only points for which F n is defined for all n ≥ 1 are the points on the intersection of W cs r (x) with S := S 0 .
Let β be the minimum of the Hölder exponents of H u and E u viewed as subbundles of T (SM ). As remarked in the Introduction, there is a β-Hölder system of linear identifications I pq : E u p → E u q defined for p near q with I pp being the identity on E u p . We can choose these identifications so that
r (y n ) be a diffeomorphism with A n (x n ) = y n . Since the unstable foliation is Hölder continuous in the C 1 topology with Hölder exponent β, we can choose A n such that
for some constant C > 0 and p ∈ W u r (x n ), q ∈ W u r (y n ). For z ∈ S n , let W s (z) denote the smooth projection of W s r (z) onto S n along the orbit foliation E c , given by using g t to flow these leaves onto S n . Let H u , E u , and E s denote the projection of these subbundles onto T S n by flowing along the orbit foliation. : n ∈ N is Cauchy (note that we have restricted the domain of these maps to H u x ). We closely follow the proof of Proposition 2.2 given in [24] . We begin with the formula
For the rest of the proof we will consider all linear maps as restricted to E u for the purpose of calculating norms. We want to estimate the product
To bound the first factor, we observe that
is the less expanded term of the dominated splitting E u = V u ⊕ H u . We then use the estimate
for some constant C ′ . Here we use the fact that I pq is uniformly bounded when p and q are close (say d(p, q) ≤ r), and that the derivative D p f i is smooth as a function of p, hence when we use the identifications I pq , it becomes Hölder with Hölder exponent β.
To bound the second factor, we note that Df i | H u is fiber bunched since the cocycle Dg t |H u we derived it from was fiber bunched. Hence there is a constant δ < 1 such that
for all p ∈ S i , where δ is independent of i.
Putting these two bounds together, we obtain
The first product is uniformly bounded since d(x i , y i ) → 0 exponentially in i, so we get a constant C ′′ such that
Now we can also estimate
for some constant C. In the first inequality we used the Hölder closeness of DA i to the identity, together with uniform bounds on the norms of all of the linear maps involved. In the second inequality we use the fact that x and y lie on the same stable manifold in S. We have the basic bound
We replace the right side with the previously obtained bounds on the factors (DF 
This second inequality immediately implies that the sequence of linear maps For each j ≥ 0, we can also consider the sequence of linear maps (DF n+j y
: n ∈ N For the same reasons as for the original sequence, this sequence is Cauchy and converges to a limit that we denote T xjyj which is a linear map from H . This is equivariant with respect to DF n as well and also depends in a β-Hölder manner on the points x and y. Then
To prove differentiability of ϕ • γ, take a coordinate chart on S (as well as each of the transversals S n ) so that we can work with the linear structure on R 2m . Let y correspond to the origin. We will not change the notation for the maps, so they should be understood in this chart. Let v = γ ′ (0). We need to show that ϕ(γ(s)) agrees with its claimed linearization s · h cs xy (v) to first order at the origin. First observe that the calculations above are valid if we replace x and y by any two points
, whenever n is small enough (relative to x ′ and y ′ ) that the iterates F, F 2 , . . . , F n are all defined on a neighborhood of x ′ and y ′ . This implies that
whenever s is small enough that F n is defined on a neighborhood of γ(s) and A n (F n (γ(s))) lies in the image of F n . The constant C is independent of n, so (
is a Hölder continuous function of s with Hölder exponent and constant independent of n for |s| small. Note that A n (F n (γ(s))) will not necessarily lie on W s (F n (γ(s))), but it will be β-Hölder close to the intersection of W s (F n (γ(s))) with W u r (y n ), so our estimates remain valid. By the mean value inequality, we thus obtain
for a constant C.
We next estimate the difference between ϕ and ϕ n near γ(0).
Hence for s small enough that γ(s) is in the domain of definition of the expressions below,
since F −n exponentially contracts distances on unstable leaves. Next we note that ψ n and A n are β-Hölder close in the C 0 topology. As a consequence, since they both map x to y,
where we have not paid much attention to the constant C in front (which will change from line to line). In the third line we use the exponential contraction of stable leaves by F n , and in the fourth line we use the fiber bunching property on H u transferred to the induced bundle H u , noting that (
We now compare ϕ • γ to the linearization h cs xy (v) · s at 0. Fix n ∈ N. For |s| small enough that all of the expressions above are defined for this n, we obtain
We can consider n := n(s) as an integer function of s such that n(s) → ∞ as s → 0. Then as s → 0, the right side converges to 0. We thus obtain that ϕ • γ agrees to first order with its linearization at 0, i.e., ϕ • γ is differentiable at 0, and furthermore, (ϕ • γ)
Now observe that holonomy from W u r (x) to W u r (y) along the projected stable foliation W s corresponds precisely to W cs -holonomy in SM . Hence the curve ϕ • γ is also the image of γ under the W cs -holonomy L xy . We can apply our calculations to the other points of γ by recentering at each pair of points x ′ , y ′ lying on γ and ϕ • γ respectively with y ′ ∈ W cs r (x ′ ). This proves that ϕ • γ is differentiable for every t ∈ [−1, 1], and furthermore we have the derivative formula
which completes the proof.
We conclude this section with the proof of the major irreducibility result we will need for Sections 5 and 6. Unlike the previous results of this section, the proof of Lemma 4.5 makes extensive use of the structure of g t as a geodesic flow. For a continuous subbundle E of T (SM ) and a point p ∈ SM , we define the E-accessibility class A (p; E) of p to be the set of all points q ∈ SM which can be joined to p by a piecewise C 1 curve γ tangent to E.
Lemma 4.5. Suppose E u and H u are β-Hölder continuous and that Dg t |H u is β-fiber bunched. Suppose that there is a Gibbs measure µ such that λ + (Dg
Proof. By Lemma 2.3, E coincides µ-a.e. with a continuous g t -invariant, holonomy invariant subbundle of H u , which we will also denote by E. We claim that A (p; E) is dense in W u (p) for every p ∈ SM . Since E is g t -invariant, A (g t p; E) = g t (A (p; E)) for every t ∈ R. Pass to the universal cover S M and note that for every γ ∈ Γ := π 1 (M ), we also have A (Dγ(p); E) = Dγ(A (p; E)) for p ∈ S M , since the lifted bundleẼ is invariant under Γ. As in the proof of Lemma 3.1, we let π x : W u (x) → ∂ M \{x − } be the projection homeomorphism onto the boundary. For x, y ∈ S M , consider as before the transition homeomorphism
y • π x is differentiable when restricted to C 1 curves tangent to H u , and that the derivative is given by the global center stable holonomy map h cs for H u . Since E is invariant under h cs , this implies that
for any p ∈ W u (x). We thus conclude that for each ξ ∈ ∂ M , there is a well defined subset A (ξ) of ∂ M consisting of all points ζ ∈ ∂ M which can be joined to ξ by a curve γ in ∂ M which is piecewise C 1 and tangent to E in some π x coordinate chart (and therefore is tangent to E in any such coordinate chart). Furthermore the Γ-equivariance of E accessibility classes translates into the relation γ(A (ξ)) = A (γ(ξ)).
We would like to show that A (ξ) is dense in ∂ M . Let U be an open set in ∂ M which does not contain ξ. Let x be the image of ξ in an unstable leaf W u (x). Take a small open neighborhood A of x which is disjoint from the image of U in W u (x). We claim that if A is small enough, then A (y; E) intersects the topological boundary ∂A of A for every y ∈ A. We begin by reducing this to an equivalent 2-dimensional problem. Take a coordinate chart on W u (x) mapping x to the origin of R m−1 and E x to the coordinate plane corresponding to the first k coordinates, where k = dim E. Let C ε be the cube [−ε, ε] m−1 centered at p. Take some q ∈ C ε and consider the projected imageq of q in R k = E x , the first k coordinates. Let L q be the line throughq parallel to the first coordinate axis. Choose a direction among the last m − k − 1 coordinates (for definiteness, the (k + 1)st coordinate). Let P q be the plane spanned by L q and the (k + 1)st coordinate. As long as ε is small enough (uniformly in q), for every p ∈ C ε the intersection of E p with P q will be a line. Fix this ε from now on. Identify P q with R 2 . We see then that it suffices to solve the following equivalent problem: Given an ODE y ′ = f (x) with f continuous and |f | ≤ K everywhere on [−ε, ε] 2 (note this K > 0 is uniform in q) show that there is a C 1 solution σ with σ(0) = 0 such that either σ(t) is defined on [0, ε] or else there is some t ∈ [0, ε) such that |σ(t)| > ε.
By the Cauchy-Peano existence theorem for ODEs with continuous coefficients the uniform bound |f | ≤ K ensures that there is a uniform δ > 0 such that a solution to the initial value problem σ(t 0 ) = y 0 , σ ′ (t) = f (σ(t)) exists on [t 0 , t 0 + δ] provided |σ(t)| ≤ ε on [t 0 , t 0 +δ] and t ≤ ε (Theorem 2.19 of [35] ). Thus, starting at σ(0) = 0, construct a solution existing on [0, δ], then concatenate this with a solution existing on [δ, 2δ] and so on. This process ends when either kδ > ε (which happens after a finite number ε/δ of steps) or when a solution exceeds ε in absolute value. In either case, we are done.
Thus A (ξ) intersects ∂A for A small enough. The pairs of endpoints of axes of the isometries γ ∈ Γ of M are dense in ∂ M × ∂ M , hence we can find an isometry γ with the forward endpoint γ + ∈ U of the axis lying in U , and the backward endpoint γ − ∈ A. Since γ gives rise to north-south dynamics on the sphere ∂ M there is some k > 0 such that A ⊂ γ k A and γ k (∂A) ⊂ U . There is thus some ζ ∈ A such that γ k ζ = ξ. But we know that A (ζ) intersects ∂A and thus γ k (A (ζ)) = A (ξ) intersects U . This implies the desired conclusion.
Fix a periodic point p ∈ SM of period T . Since the bundle E is a holonomyinvariant subbundle of H u , it descends to a subbundle DΠ(E) of T Q u (p). DΠ(E) is parallel with respect to the connection ∇ constructed in Lemma 4.3, hence since ∇ is torsion-free (as in Lemma 3.1), DΠ(E) is uniquely integrable and there is thus a foliation F tangent to DΠ(E) inside of Q u . Letp be the projection of p in Q u (p) and let F (p) be the inverse images of all points in the leaf F (p) throughp of F inside of Q u (p). It is clear that A (p; E) ⊂ F (p), since any piecewise C 1 curve tangent to E and passing through p must project to a piecewise C 1 curve contained entirely inside of F (p). On the other hand, as shown above, A (p; E) must be dense in W u (p).
We thus conclude that F (p) is dense in W u (p), and therefore F (p) is dense in Q u (p). But this is absurd unless F (p) = Q u : let U be a neighborhood ofp on which g −T acts as an exponential contraction and such that the foliation F can be trivialized as slices R k × {a}. Two different slices of the foliation in U have the property that they cannot be connected by a C 1 curve σ lying entirely in U . If F (p) is dense in Q u (p), we can find some slice of F in U that does not pass throughp and a unit speed curve σ : [0, ℓ] → Q u (p) with σ(0) =p and σ(ℓ) = q ∈ U lying in a different slice. Consider g −kT • σ for k > 0 large. By the definition of the unstable leaf, for k large enough the entire curve g −kT • σ is contained inside of U , and by the g t -invariance of F , g −kT • σ is always contained inside of F (p). This implies that g −kT (σ(ℓ)) lies in the slice throughp of F in U . The contraction property of g −T on U implies that g −kT (U ) ⊂ U is an open connected subset containingp, and the foliation can be trivialized on this open subset, so we can join g −kT (σ(ℓ)) top by a curve τ lying entirely inside of g −kT (U ). But then g kT • τ is a curve joiningp to σ(ℓ) lying entirely inside of the slice of F throughp inside of U , which is the contradiction that completes the proof.
We isolate a corollary of the arguments in the proof of Lemma 4.5 which is of independent interest, obtained by taking E = H u and ignoring the assumptions on extremal Lyapunov exponents in the above argument. Let X be a topological space and let f : X → X be a continuous map. A sequence of functions a n : X → R, n ∈ N is subadditive if
Here f m denotes the mth iterate of f . We need the following proposition whose proof can be found in [24] .
Proposition 5.1. Let f be a homeomorphism of a compact metric space X and a n : X → R a subadditive sequence of functions. Suppose that inf n≥1 1 n X a n dµ < 0 for every f -invariant ergodic Borel probability measure µ. Then there exists N > 0 such that a N (x) < 0 for every x ∈ X.
We will prove a result which is somewhat more general than what we need.
Lemma 5.2. Let A be a cocycle on a vector bundle E over g t . Suppose there exist c − < c + ∈ R, positive integers r,s, and some k,
Then there is a dominated splitting E = H ⊕ V for the coycle A. The restriction of H ⊕ V to the orbit of a periodic point p coincides with the Oseledets splitting for the measure µ p .
Proof. The hypotheses imply that for every ergodic invariant measure µ, we have λ i (µ) = c − for 1 ≤ i ≤ k and λ i (µ) = c + for k + 1 ≤ i ≤ d since by Theorem 2.7 there is a sequence of periodic points (p j ) j such that λ [11] . We use Λ j A t to denote the induced action of A t on the exterior power bundle Λ j E of E. for every x ∈ SM . Applying this same reasoning to the subadditive sequences a n (x) = log A n x − (c + + ε)n we obtain N 2 > 0, such that a N2 (x) < 0 for every x ∈ SM .
Observe that for a subadditive sequence of functions f n , if f N (x) < 0 for every x, then f kN (x) < 0 for every x, since
Let N be the least common multiple of N 1 and N 2 . Then N is a common integer for which the functions a N and b N are both negative.
Thus by the above inequalities, 
x is an additive cocycle over g t . We claim φ t is a coboundary. Fix a periodic point p ∈ SM of period ℓ(p). Then for every n we have φ nℓ(p) (p) = nφ ℓ(p) (p). Hence
by the resonance condition on the periodic orbits. Thus by the Livsic theorem for Anosov flows we conclude that φ t is a coboundary. In particular, there is some constant C > 1 such that for each i and x. Further, using the bound on φ t obtained above we get that
which implies, upon moving one σ k (x) to the left side, and V n (x) the subspace corresponding to the last d − k singular values. These subspaces are well defined since we have shown that
where σ i,nT are the singular values of A nT x . Further, E = H n ⊕ V n is a continuous decomposition of E into orthogonal subspaces. For subspaces U 1 , U 2 , we write ∡(U 1 , U 2 ) for the maximal angle made by a vector in U 1 with a vector in U 2 . This determines a metric on the Grassmannian of subspaces of a particular dimension in R d . We claim that there is some C ′ > 0 and χ < 1 such that
for every n and every x ∈ SM . Fix unit vectors w n ∈ H n x and w n+1 ∈ H n+1 x . Set α n = ∡(w n+1 , w n ). We can write w n = cos(α n )w n+1 + sin(α n )v n+1 for some unit vector v n+1 ∈ V n+1 . Then v n+1 and w n+1 remain orthogonal upon
. It follows that
Putting all of this together we obtain that
The claim implies that {H n (x)} n∈N is a Cauchy sequence in the Grassmannian of k-planes in R d for each x, hence converges to a unique k-plane H(x) as n → ∞.
We claim that H is invariant under A T . We have
. As above, let w n ∈ A T (H n (x)) and u n ∈ H n+1 (g T x)) be unit vectors, and write
), where β n = ∡(w n , u n ). Then u n and v n remain orthogonal upon applying A (n+1)T . Hence an identical calculation to the one done above gives | sin(β n )| ≤ C * χ n+1 for some constant C * and the same χ as before. Hence as n → ∞,
Lastly, we need to obtain an estimate on A nT |H . From convergence of the geometric series we obtain the bound
). If we combine the above estimate with the angle estimate, we obtain
Combining this with the formula χ = e (−c++c−+2(S−1)ε)T and using our earlier derived bound for A (n+1)T |H n , we at last have
(c−+(2(S−1)+1)ε)(n+1)T C * being some constant, as usual.
Passing to the inverse cocycle A −T instead switches the role of c + and c − , V and H, and so on. So we draw analogous conclusions: there is a d − k-dimensional A −T -invariant subspace V with an estimate
Hence there is some 0 < λ < 1 such that
This implies that H and V are everywhere transverse, as for n large the minimal expansion on V of A (n+1)T is strictly greater than the maximal expansion on H. Therefore we have a direct sum splitting E = H ⊕ V . This is a dominated splitting for A (n+1)T when n is sufficiently large, by the above inequality. Hence some large iterate of A 1 admits a dominated splitting E = H ⊕ V . This is equivalent to A t itself admitting a dominated splitting. 
We can thus apply Lemma 5.2 with c − = 1, c + = 2, k = m − r K and choosing any pair of positive integers r and s such that
Looking back at the proof of Lemma 5.2, we see that for any ε > 0 we have estimates for t > 0 and some constant C > 1,
where the constant C will depend on ε. Since the splitting E u = V u ⊕ H u is dominated and E u is Hölder continuous with some Hölder exponent α, H u is also Hölder continuous with some exponent β because the subbundles in a dominated splitting are Hölder continuous. Let γ = min(α, β). Take ε small enough that (2 + γ)ε − γ < 0 By applying everything above to the stable bundle E s instead, we obtain the estimate Dg t |E s ≤ Ce −(1−ε)t for t > 0, increasing the constant C if necessary. Then for t > 0,
For t large enough, C 3 e ((2+γ)ε−γ)t < 1, and so we conclude that Dg t |H u is γ-fiber bunched.
Let µ be the Liouville volume on SM . By Theorem 2.7, The construction of the dominated splitting in Lemma 5.2 shows that there is some constant C such that Dg t v ≥ Ce (2−ε)t v , v ∈ V u for some 0 < ε < 1, in our standard Riemannian metric on E u . This metric on V u can be modified into a new Riemannian metric to eliminate the constant C [16] , which is called a Lyapunov metric. Extend σ to a Riemannian metric on E u by declaring H u and V u to be orthogonal, and choosing some adapted Lyapunov metric on V u which satisfies e (2−ε)t |v| ≤ Dg t v for some 0 < ε < 1 and every v ∈ V u . Let | · | be the norm associated to σ. We have constructed σ such that for any vector v ∈ E u , Dg t v ≥ e t |v| for every t ∈ R. We extend σ to a Riemannian metric on T (SM ) by declaring the Anosov splitting T (SM ) = E u ⊕ E c ⊕ E s to be an orthogonal splitting, taking the generator of g t in E c to have unit length, and using the flip map p → −p (which maps E u to E s ) to extend σ to be defined on E s , with analogous bounds. Let ρ be the distance on SM associated to σ, and for a point p ∈ SM , let ρ p be the induced Riemannian distance on W u (p).
For two points x, y ∈ W u (p), define α p (x, y) = sup{t ∈ R : ρ p (g t x, g t y) ≤ 1}
and let η p (x, y) = e −αp(x,y) . Hasselblatt [16] proved that η p defines a metric on W u (p) and that the Hausdorff measure associated to η p is the Bowen-Margulis measure of maximal entropy for g t . Furthermore the Hausdorff dimension of η p is given by the topological entropy of g t .
We claim that the multiplicative cocycle given by the Jacobian of the restriction of g t to unstable manifolds in the Riemannian metric κ is cohomologous to the constant function e (m+r K −2)t . First recall how the unstable Jacobian J u,t is defined: the metric σ locally defines a distinguished section X of the line bundle m−1 E u over SM , given by taking the wedge product of vectors in E u forming an orthonormal frame. Then J u,t is defined by the equation (g t ) * X = J u,t X. For every periodic point p, the assumption on Lyapunov exponents implies that the Lyapunov exponent of the induced action of g t on m−1 E u along any periodic orbit is m + r K − 2. This immediately implies that J u,ℓ(p) (p) = e (m+r K −2)ℓ(p) , which gives the desired statement by the Livsic theorem. Since the unstable Jacobian cocycle is cohomologous to a constant cocycle, the Riemannian volume with respect to σ is the measure of maximal entropy, and therefore the topological entropy of g t is m + r K − 2, see for instance Chapter 20 of [26] . Proof. Pick a point ξ ∈ M . Let p ∈ S M be a point forward asymptotic to ξ. The chart Ψ p : W u (p) → G from Lemma 6.3 maps H u to H. This induces a C 1 map F : ∂ M \{ξ} → G mapping H to H. F has an obvious extension to a map F : ∂ M → G given by setting F (ξ) to be the point of G at infinity. We claim that the extended map F remains C 1 . Take some q ∈ S M not forward asymptotic to ξ, but to ζ ∈ ∂ M instead. The map F on ∂ M \ζ appears in the coordinate chart on W u (q) as the holonomy transition map Ψ p • ϕ • Ψ
−1 q
: G → G, where ϕ is center stable holonomy from W u (q) to W u (p). As shown in the proof of Lemma 6.4, this map is a projective automorphism of G; in particular, it is smooth. It follows that F is C 1 on all of ∂ M , and via the natural identification of G with ∂H k C , the proposition follows. Proposition 6.6. Γ is isomorphic to a cocompact lattice Λ in SU (k, 1).
Proof. For each γ ∈ Γ considered as acting on ∂ M , we have from Lemma 6.5 an induced C 1 action δ on ∂H k C given by δ = F • γ • F −1 . Unpacking definitions, the action of δ is given in local coordinates Ψ p • γΨ The assignment γ → η is then an injective homomorphism Γ → SU (k, 1) which we will denote by φ. We claim that the image Λ of Γ must be a cocompact lattice in SU (k, 1).
We claim each δ ∈ Λ must represent a hyperbolic isometry of H k C . Letting δ = φ(γ), note that the action of γ on ∂ M has exactly two fixed points γ + and γ − which are the forward and backward limits of points on the boundary under γ. Given an open neighborhood U of γ + , note that for any compact subset K ⊂ ∂ M \{γ + , γ − } there is some positive integer k such that γ k (K) ⊂ U . This property of the action of γ also holds for δ, since the action of δ on ∂H k C is conjugate. Thus δ must be a hyperbolic isometry. If Λ is not discrete then there is an element δ ∈ Λ and a sequence of elements δ n ∈ Λ converging to δ such that δ n = δ for any n ∈ N. Conjugating by F gives us a sequence of elements φ −1 (δ n ) ∈ Γ and φ −1 (δ) ∈ Γ. Let γ n := φ −1 (δ n ) and γ := φ −1 (δ) ∈ Γ. It is easy to see that conjugation by F takes the endpoints δ n,+ and δ n,− of the axis of δ n to the endpoints γ n,+ and γ n,− of the axis of γ n , preserving the orientation. Since δ n,+ → δ + , we must have γ n,+ → γ + and γ n,− → γ − . This implies that the axis of γ n converges to the axis of γ. But since the action of Γ on M is properly discontinuous, the translation length of γ n along the axis must increase to ∞ as n → ∞. Using the C 1 structure on ∂ M , it follows that D γn,− γ n → ∞ as n → ∞. But since F is C 1 , we conclude that D δn,− δ n → ∞ as well, a contradiction. Thus Λ is discrete.
Since Λ is a discrete torsion-free subgroup of SU (k, 1) consisting entirely of hyperbolic isometries, the action of Λ on H k C is free and properly discontinuous and therefore the quotient N := H k C /Λ is a manifold. Since N has a contractible universal cover, it is a K(Λ, 1) space and therefore it is homotopy equivalent to M , since Γ and Λ are isomorphic. In particular, H m (N, Z 2 ) = H m (M, Z 2 ) ∼ = Z 2 so N is a closed manifold and thus Λ is a cocompact lattice.
Let N = H k C /Λ. We have shown that N is a closed manifold and that there is a C 1 diffeomorphism F : ∂ M → ∂ N equivariant with respect to the action of Γ on ∂ M and the action of Λ on ∂ N . Since F is a diffeomorphism it maps the Lebesgue measure class on ∂ M to the Lebesgue measure class on ∂ N . Corollary 4.6 of [14] implies that there is a C 1 time-preserving (up to scaling) conjugacy between the geodesic flows of M and N , and therefore by the minimal entropy rigidity theorem M and N are homothetic.
